QUASI-HAMILTONIAN GROUPOIDS AND MULTIPLICATIVE 

MANIN PAIRS 



DAVID LI-BLAND AND PAVOL SEVERA 

Abstract. We reformulate notions from the theory of quasi- Poisson g-manifolds 
in terms of graded Poisson geometry and graded Poisson-Lie groups and prove 
that quasi-Poisson g-manifolds integrate to quasi-Hamiltonian g-groupoids. 
We then interpret this result within the theory of Dirac morphisms and multi- 
plicative Manin pairs, to connect our work with more traditional approaches, 
and also to put it into a wider context suggesting possible generalizations. 
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Introduction 

Let G denote a Lie group whose Lie algebra g is equipped with an invariant inner 
product. Quasi-Hamiltonian G-manifolds were introduced in [4], where they were 
shown to be equivalent to the theory of infinite dimensional Hamiltonian loop group 
spaces. In particular, they were used to simplify the study of the symplectic struc- 
ture on the moduli space of flat connections by using finite dimensional techniques. 
In j2j, the more general quasi-Poisson g-manifolds were introduced. These notions 
were further generalized and studied in subsequent papers 1,3,10 14.41.42.64 (to 
cite a few). 

The main objective of this paper is to prove that the following three facts hold 
for an arbitrary quasi-Poisson g-manifold, M: 

qP-1 T*M inherits a Lie algebroid structure. 

qP-2 Each leaf of the corresponding foliation of M inherits a quasi-symplectic 
g-structure. 

qP-3 If the Lie algebroid T*M integrates to a Lie groupoid Y =i M, then Y 
inherits a quasi-Hamiltonian g-structure. Moreover, the source map s : 
Y — > M is a quasi-Poisson morphism, while the target map t : Y — > M is 
anti-quasi- Poisson. 

Besides completing the theory of quasi-Poisson manifolds, our result can provide 
a new angle towards integrating certain Poisson structures. In addition to this, it 
has applications towards the integration of certain Courant algebroids. We plan to 
explore these consequences in forthcoming papers. 

The methods we use to prove the results (qP- |l|2[ and[3]) are of independent inter- 
est. We reformulate notions from the theory of quasi-Poisson g-manifolds in terms 
of graded Poisson geometry and graded Poisson-Lie groups. Then we prove the re- 
sults (qP-IIpl and [3]) using well known theorems established for Poisson manifolds 
and Poisson Lie groups. In particular, we prove (qP-[3| by interpreting structures 
in terms of Lie algebroid/groupoid morphisms, as was done in [9}[33}[40j[4l] . As 
a result, we are able to avoid infinite dimensional path spaces. We hope our ap- 
proach will provide the reader with a fresh and insightful perspective on the theory 
of quasi-Poisson g-manifolds. 

The methods we use to derive the results (qP Tj2 and [3]) are an application of 



the more general theory of MP-groupoids. We use the latter half of our paper 
to describe the theory of MP-groupoids. MP-groupoids are a reinterpretation of 



multiplicative Manin pairs 40 in terms of graded Poisson geometry 14 48 . In 
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this portion of the paper, we also describe the link between our approach to quasi- 
Poisson g-manifolds and the standard approach in terms of Dirac morphisms and 
multiplicative Manin pairs [T| [Tot[T3|[l4t[Zo] . 

Overview. Our paper is organized as follows. In § [l] we briefly summarize some 
background material and introduce our main result, the integration of quasi-Poisson 
g-manifolds. In §[2j we provide a new perspective on the theory of quasi-Poisson g- 
manifolds using the theory graded Poisson geometry and graded Poisson-Lie groups. 
We then use this new perspective to prove the results from § [I] Next, in § [3j we 
provide some detailed examples of the integration of quasi-Poisson g-manifolds. 

The remainder of the paper is spent relating our approach to the theory of 
Manin pairs. In §[4] we review the definitions of Courant algebroids, Manin pairs, 
their morphisms and the category of multiplicative Manin pairs. Following this, 
in § [5] we recall the relationship between the categories of Manin pairs and graded 
Poisson manifolds. Using this relationship, we introduce the infinitesimal notion 
corresponding to a multiplicative Manin pair. We apply these concepts in § [6] to 
relate the content of § [2] to the theory of Manin pairs. 

Acknowledgements. We would like to thank Eckhard Meinrenken for his advice 
and suggestions. D.L.-B. was supported by an NSERC CGS-D Grant, and thanks 
the Universite de Geneve, and Anton Alekseev in particular, for their hospitality 
during his visit. P. S. was supported by the Swiss National Science Foundation 
(grant 200020-120042 and 200020-126817). Finally, we would like to thank the 
referees for their helpful comments. 

1. Background and statement of results 

In this section we want to recall the theory of quasi-Poisson g-manifolds. To 
provide some intuition and motivate the definitions, we will develop both the theory 
of quasi-Poisson g-manifolds and the theory of Poisson manifolds in parallel. We 
will describe the Poisson case in a series of remarks. 

In § [2] we will use a graded version of the theory of Poisson manifolds and Lie 
bialgebra actions to prove some results about quasi-Poisson g-manifolds. In partic- 
ular, for §[2] we will require some understanding of quasi-triangular Lie bialgebras. 
We intend to summarize this background material in this section. 

1.1. Quasi-Poisson g-manifolds. Let g be a Lie algebra with a chosen ad-invariant 
element s G S 2 q. Define s* : g* -> g by (3(s*(a)) = s(a,f3) for a,P G g*. Let 
(f> G A 3 g be given by 

<P(a, /?, 7) = ia([a*j9, s» 7 ]) (a,/3, 7 eg*). 

Definition 1. [2j|3| A quasi-Poisson g-manifold is triple (M,p,n), where 

• M is a g-manifold, 

• p : M x g —> TM is the anchor map for the action Lie algebroid, and 

• ir £ T(f\ 2 TM) 3 is a g-invariant bivector field 

satisfying 

(1) [7T,7r]=p(0), and [tt,p(0] = O, 
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for any £ G g. Here we view <fi and £ as constant sections of M x Ag and extend p 
to a morphism p : M x Ag — > ATM. The bracket in ([T]) is the Schouten bracket on 
multivector fields. 

Let (Mi, pi, 7Tj) be two quasi-Poisson g-manifolds (for i = 1, 2). A map / : Mj — > 
Afa is a quasi-Poisson morphism if 7T2 = /*tti and P2 = f* Pi- 

Example 1. Suppose that p is an action of g on M. For x <E M let g^, = ker^) 
be the stabilizer at the point x, and g^~ C g* be its annihilator. Then p((j>) = if 
s"(fl^) C g x , in which case we say the stabilizers are coisotropic (with respect to 
s). In this case, the triple (M, p, 0) is a quasi-Poisson g-manifold. 

Remark 1 (Poisson Parallel) . We now recall the related notion in Poisson geometry. 

Let f) be a Lie bialgebra with cobracket (5 : f) — !■ A 2 f). A Poisson f)-manifold is a 
triple (N,p,n), where 

• N is a f)-manifold, 

• p : M x f) — ► 7W is the anchor map for the action Lie algebroid, and 

• 7T e T(A 2 TA) is a bivector field, 
satisfying 

(2) br,7r]=0, and [*,p(£)] = p(5(£)) 

for every £ g fj, which we view as a constant section of M X f). 

If if denotes the Poisson-Lie group corresponding to the Lie bialgebra f), and if 
p can be integrated to an action of H on N (or we work with local actions), the 
action H x N — > N becomes a Poisson map 30, 3l]. 

When f) = 0, then we may refer to a Poisson f)-manifold (N,p = 0, 7r) as a 
Poisson manifold (N,n). 

Remark 2. Recall that the Lie bracket on g extends to a Gerstenhaber bracket on 
/\ g. Suppose there is an element u G /\ 2 g such that [u, u] — —cf>. Then g becomes 
a Lie bialgebra with cobracket <5 : £ — > [«,£]. Lie bialgebras of this type are called 
quasi-triangular [7 24 and the combination r = s + u£g®gis called a classical 
r-matrix. 

In this case, quasi-Poisson g-manifolds and Poisson g-manifolds are equivalent 
via a "twist" by u, as shown in 1 2 . To recall the details, if (M, p,n) is a quasi- 
Poisson g-manifold then tt' = tt + p(u) satisfies [7r',7r'] = 0, i.e. w' is a Poisson 
structure. Moreover the action of g via p becomes an action of the Lie bialgebra g 
on the Poisson manifold (M, tt'). 

Note that in § [2] we will use a graded version of this equivalence. 

For simplicity, we shall restrict from now onto the case where s is non-degenerate. 
We shall identify g with g* via s, and let (•, •) denote the corresponding ad-invariant 
inner-product on g. Such a Lie algebra is called quadratic. Let e; and e 1 denote 
two bases of g dual with respect to (•,•). 

Remark 3. Suppose (M, p, 0) is as in Example]!] s is non-degenerate, and q = f ffi I) 
where f and f) are Lagrangian subalgebras. We can choose bases {fi} of f and {hi} 
of f) such that (fi,hi) = 1 and (fi, hj) — for i 7^ j. Then with u :— £\ fi A hi, 
r = s + u e g ® g is a classical r-matrix. As in Remark [2j 7r' := 7r + p(m) defines a 
Poisson structure on M. 



The Poisson structure 7r' was constructed in 28 via a Courant algebroid struc- 
ture on M x g. The approach via quasi-Poisson g-manifolds appears to be more 
direct. 
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Recall that Lie algebroid structure on a vector bundle A — > M is equivalent to 



a differential on the algebra T(A*A*) 15 53 



Theorem 1. // (A/, p, n) is a quasi-Poisson Q-manifold, then T*M becomes a Lie 
algebroid, where the Lie algebroid differential g?t*a/ on T(A*TM) is 

(3) d T , M = [7r,-] + ^p(e < ) hWiW 

Furthermore, the induced action of q on T* M preserves the Lie algebroid structure. 

Let pr g : M x g — > g be the projection to the second factor, and p* : T*M 
M xq* = M xq the transpose of p, then p p := pr g op* : T* M — > q is a Lie algebroid 
morphism. 

This can be proven by a direct calculation: the two parts of d?* m commute with 
each other and their squares cancel each other. We give a conceptual proof of the 
theorem in § |2.3| 

The corresponding Lie bracket on 1-forms a, (3 £ f2 1 (M) is 

[a, 13] = [a, P], + \Y, {<xW))£ P { ei )P ~ P(p(e l ))£ p(ez) a) , 

where 

(4) [a, (3] n = dTr(a, (3) + t ff «( Q )d/3 - t^t^da 

is the Koszul bracket (here ^(Tr^a)) = 7r(a, (3)). The anchor map, a : T* M — > TM, 
is 

(5) a = 71-" + o p* . 

We call a quasi-Poisson g-manifold integrable if the Lie algebroid structure on 
the cotangent bundle is integrable to a Lie groupoid. 

Remark 4 (Poisson Parallel). If (N,tt) is a Poisson manifold, there is a Lie al- 
gebroid structure on T*N whose corresponding Lie algebroid differential dx*N ■ 
T{A n TN) -» r(A n+1 TiV) is 

d T *N = [tt, •]• 

In this case, the anchor map a : T*M ~ > TM, is given by 

(6) a = 7r J , 

and the bracket is given by Q. 

If a Lie bialgebra f) acts on N, then p p :— pr^* op* ; T*N — > [)* is a Lie algebroid 
morphism, where pr^* : M x Fj* — > h* is the projection to the second factor and 
p* : T*M — > M x f)* is the transpose of p. 

Remark 5. It was shown in [10] that whenever (M,p,n) is a quasi-Poisson q- 
manifold, there is a Lie algebroid structure on A — T*M © q. The Lie algebroid 
T* M described in Theorem [I] is embedded as a subalgebroid of T* M © q by the 
map a — > a + p*{a). 

The following was pointed out by a referee: Suppose that (M, p, it) also possesses 
a moment map $ : M — > G (see Definition[3l. Let 6* denote the (left) Maurer-Cartan 
form on G, and let 77 = ^([9, 9], 9). In HOT, H. Bursztyn and M. Crainic describe 
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a <I>* 77- twisted Dirac structure L C TM ® T*M associated to the quasi-Poisson 
g-structure on M. In 10 Proposition 3.19] they describe a map 

A^fLc TM © T*M, 

which restricts to T* M = Gr p * C A to define an isomorphism of Lie algebroids 
T*M = L. 

In particular, [10] shows that in the presence of a moment map the Lie algebroid 
described in Theorem [T] can be viewed as a <I>* 77- twisted Dirac structure. 

Remark 6. The foliation of the quasi-Poisson g- manifold (M, p, tt) given by the Lie 
algebroid T*M is different from the foliation given in 2,3, 10 1 . The latter foliation 
is tangent to p x (o) + ^\T*M at any point x 6 M; in particular, the leaves contain 
the g-orbits. This is not the case for the foliation given by the Lie algebroid T*M; 
for instance, if as in Example [IJ (M, p, 0) is a quasi-Poisson g-manifold, the anchor 
map a : T* M — > TM is trivial {p x °P* x = for any point x € M , since the stabilizers 
of p are coisotropic), while the g-orbits may not be. 

On the other hand, as we shall see below, for a Hamiltonian quasi-Poisson g- 
manifold these two foliations coincide. 

Definition 2. A quasi- symplectic g-manifold is a quasi-Poisson g-manifold (M, tt, p) 
such that the anchor map ([5| is bijective. 

Remark 7 (Poisson Parallel) . A Poisson manifold (N, tt) is called symplectic if the 
corresponding anchor map ^ is bijective. 

1.2. Hamiltonian quasi-Poisson g-manifolds. There is a concept of a group 
valued moment map for quasi-Poisson g-manifolds 2,3. Let G be a Lie group with 
Lie algebra g. For any £ £ g let £ L , ^ R E T(TG) denote the corresponding left and 
right invariant vector fields. Let 9 L ,9 R € fi 1 (G,g) denote the left and right Maurer 
Cartan forms on G defined by 

Definition 3. [2j|3] A map $ : M — > G is called a moment map for the quasi- 
Poisson g-manifold (M, p, tt) if 

• <!> is g-equi variant, and 

• tt" ($*(«)) = p(<f>*(b*a)) for any a e Q 1 (G), 

where the vector bundle map b : G x g — > TG is given by 

(7) b:(g,0^l{e(g) + e(g)). 

Under these conditions, we call the quadruple (M, p, 7r,$) a Hamiltonian quasi- 
Poisson Q-manifold, or a Hamiltonian quasi-Poisson g-structure on M. 

Theorem 2. // (ill, p, 7r, $) is a Hamiltonian quasi-Poisson Q-manifold, then the 
map 

(8) iifl-^M), i(0 = **&^> 
is a morphism of Lie algebras such that ao i = p. 

Again this can be proved by a direct calculation, and we give a conceptual proof 
in §[231 
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Remark 8 (Poisson Parallel) . In § [2] we will need the corresponding notion of group 
valued moment maps for Poisson geometry 30 , summarized as follows. 

Let again f) be a Lie bialgebra, and let H* denote the 1-connected Poisson Lie 
group integrating f)*. Recall [30] that a Poisson map 

$ : N -> H* 

gives rise to a morphism of Lie algebras 

i : f) — ► Q 1 (N), i(0 = 

where £^ is the left-invariant 1-form on H* equal to £ at the group unit. The 
morphism i then in turn produces an action p of f) on N via the anchor map on 
T*N, i.e. 

p(0=7T»(i(0). 

The map $ is automatically f)-equivariant, where the so-called dressing action of f) 
on H* comes from the identity moment map H* — > H* . <!> is called a moment map 
for the action p. 

Remark 9. When s £ (S 2 g) B is not assumed to be non-degenerate, one can proceed 
as follows. The element s is equivalent to a triple (0,0, fl'), where 

• is a quadratic Lie algebra, 

• g C O is a Lagrangian subalgebra, 

• g' C an ideal such that d — g ® q' as vector spaces, and 

the restriction to q' of the inner product on is s (where we identify g' with q* via 
the inner product in D). 

Moment maps then have value in a group G integrating g'. 

Theorem 3. If (M, p, tt, $) is a Hamiltonian quasi-Poisson g-manifold then 

Px (g)+4(T*M)= a (T:M). 

Proof. Recall that a = tt* + ^pop*, hence p x (o) + nl(T*M) D a(T*M). On the 
other hand, by Theorem [2] we have ao i = p. Hence, 

tt" = a— -pop* = ao(id— -iop*), 

and *1{T*M) C a x (T x *M). 

□ 

Remark 10. A Hamiltonian quasi-Poisson g-manifold (M, p, 7r, $) is a quasi-Hamiltonian 
Q-manifold [lj-[4 , 10 , if for every point x £ M, 

(9) p x (Q)+4(T:M)=T x M. 

It follows from Theorem|3]that a quasi-Hamiltonian g-manifold is equivalent to a 
Hamiltonian quasi-symplectic g-manifold. We will use the latter term in this paper. 

1.3. Fusion. The category of quasi-Poisson g-manifolds, has a braided monoidal 
structure given by fusion 13]. Let (M, p, tt) be a quasi-Poisson g © g-manifold, 

(10) ^^(e , ,0)A(0,e 1 )eA 2 (gffi B ) I 

i 

and let diag(g) = g denote the diagonal subalgebra of g © g. The quasi-Poisson 
g-manifold 

(11) (^,Hdiag(g),7Tfu S ion), with 

^"fusion ^ 



8 



DAVID LI-BLAND AND PAVOL SEVERA 



is called the fusion of M [3]. Moreover, if ($1, $2) : M — > G x G is a moment map, 
then the pointwise product < &i$2 : M — » G is a moment map for the fusion [3]. 

If (Mi, pi,iTi,3>i) (for i = 1,2) are two Hamiltonian quasi-Poisson g-manifolds, 
then (Mi x M2, pi ~x P2,^i + ^2, $1 x $2) is a quasi-Poisson g © g-manifold. The 
fusion 

(Mi X M 2 ,(pi X j0 2 )|diag(B))( 7r l +7T2) fusion, $1*2) 

is called the fusion product, and denoted 

(Ml,pl,7Tl) © (M 2 ,P2,7T2), 

or just Mi © M 2 . 

The fusion product of two quasi-Poisson g-manifolds is defined similarly, one just 
ignores the moment maps. 

The monoidal category of Hamiltonian quasi-Poisson G-manifolds is braided [3] : 
if (Mi, pi, 7Tj, $,) are two Hamiltonian quasi-Poisson G-manifolds, the corresponding 
isomorphism between fusion products 

Mi © M 2 -> M 2 © Mi 

is given by (xi,x 2 ) n- ($1(2:1) • x 2 ,xi). 

To provide an alternate explanation for this monoidal structure in § [2j we will 
need to understand the story for Poisson manifolds. 

Remark 11 (Poisson Parallel). If (M,itm) and (N,itn) are two Poisson manifolds, 
then (M x N,tt m + n N ) is also a Poisson manifold. If M — > H* , N — > H* are 
Poisson (moment) maps, we can compose 

M x N -+ H* x H* -+ H* 

(the latter arrow is the product in H*) to get a Poisson map M x N —> H* . The 
category of those Poisson manifolds with a Poisson map to H * is thus monoidal (but 
not necessarily braided). Notice, that unlike the case of quasi-Poisson manifolds, 
the resulting action of f) on M x N is not just the diagonal action - it is twisted 
by the moment map on M. On the other hand, the Poisson bivector is simply the 

sum 7T Ml + 7T M2 . 

If (Mi,7Ti) and (M2,7T2) are Poisson manifolds, then the Lie algebroid structure 
on T*(Mi x M 2 ) is the direct sum of the Lie algebroids T*Mi and T*M 2 . 

For quasi-Poisson g-manifolds, one may ask how the Lie algebroids T*(Mi©M 2 ) 
and T*M\ © T*M 2 are related. A direct computation shows 

dT*(Mx®M 2 ) = dT*Mt + d T *M 2 + ^ Pi(e l ) A [p2(ei), ■} , 

i 

so that the obvious isomorphism of vector spaces T*(Mi © M 2 ) = T*Ml ffi T*M 2 
is not an isomorphism of Lie algebroids. However, for Hamiltonian quasi-Poisson 
manifolds, there is a non-standard isomorphism T*(Mi x M 2 ) = T*Mi ffi T*M 2 
which is an isomorphism of Lie algebroids. 



By a comorphism 32 from a Lie algebroid A — ¥ M to a Lie algebroid A' — > M' 
we mean a morphism of Gerstenhaber algebras T(/\ A') —t T(/\ A). The assignment 
M H> T*M is a functor from the category of quasi-Poisson g-manifolds and quasi- 
Poisson morphisms to the category of Lie algebroids and comorphisms. 
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Proposition 1. Let (Mi, pi,TTi,$>i) (i = 1,2) be two Hamiltonian quasi-Poisson q- 
manifolds and let the isomorphism J : T* Mi © T* M 2 — > T*{M\ © M 2 ) &e given by 
(a,/3) i — y (a, /3— i 2 (pf (a))). Then J is a isomorphism of Lie algebroids. Moreover, J 
is a natural transformation which makes the functor M i— > T* M (from the category 
of Hamiltonian quasi-Poisson g-manifolds to the category of Lie algebroids and 
comorphisms) strongly monoidal. 



The proof is in § |2.6[ but it requires a deeper understanding of the relation- 
ship between the monoidal structures for the categories of quasi-triangular Poisson 
manifolds and quasi-Poisson g-manifolds, which we shall now recall. 

Let f) be a quasi-triangular Lie-bialgebra. As described in Remark [T] f) corre- 
sponds to a Manin triple (0, f), f)*). Let f)' C = rjffif)* be the graph of the r-matrix. 
Then f)' is an ideal, so that (0, fj, ()') is as in Remark[9| Let H,H*,H' C D be groups 
with Lie algebras f),f)*,f)' C 0. Suppose further that the maps H* — > D/H and 
H' D/H are bijections. 

Suppose (M, p, ir, <I>) is a quasi-Poisson iJ-manifold with iJ-action p : H x 
M — > M, bivector it, and with moment map $ : M — > D/G = H' . Define 
Ff, (M , p, ir, <I>) :— (M, p, 7r' , $) to be the Poisson ii-manifold with bivector ir' given 
by twisting ir as in in Remark [2] the same iJ-action, and the same moment map 
$ : M -)• L>/G = H*. Then as shown in [2j[TTJ[l4j[42] , the functor 

F(, : Ham-qPois,, — > Ham-Poisi, 

describes an equivalence between the category Ham-qPoiS(j of quasi-Poisson H- 
manifolds with _ff'-valued moment maps and the category Ham-Poisj, of Poisson 
_ff-manifolds with £F-valued moment maps. 

There is a canonical choice for the inverse functor, F | ~ 1 (M, p, it' , $) := (M, p, n, $), 
where tt is constructed from tt' by reversing the procedure in Remark [2] 

Remark 12. This equivalence can be understood more intrinsically. What is signif- 
icant is that there is a natural Dirac structure living over D/G, 

(0 x D/G,q x D/G) 

(see Example [7] for more details) . It was shown in [TT Mj 42] that a morphism of 
Manin Pairs 

(<&,K) : (TM, TM) — > (3 x D/G, q x D/G) 
is the intrinsic data underlying both (M, p, 7r, $) and (M, p, 7r',$). Indeed, the 
action p is specified by the morphism of Manin pairs, and the bivectors tt and tt' 
arise from choosing two different Lagrangian complements to g in 5 [2l[42l . 



Remark 13. As shown by A. Weinstein and P. Xu 62 , when the Lie-bialgebra t) 
is quasi-triangular, the category of Poisson ii-manifolds with iJ*-valued moment 
maps is braided monoidal. In fact, is a strong monoidal functor with the natural 
transformation given by 

J : F h (M 1 ®M 2 ) -> Ff,(Mi) X F„(M 2 ), (x u x 2 ) i-> (xi, j^i^x)) • x 2 ) , 

where $i : Mi — > Z?/G = is the moment map for Mi and j : H* — > is the 
map specified by the condition 

ffi(ff) e ff' for every g E H* . 

(To define j : iJ* — > we used the fact that the maps H* — > D/iJ and H' ^ D/H 
are bijections.) 
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We shall need a graded version of this fact in the proof of Proposition [T] in § |2.6| 

1.4. Hamiltonian quasi-Poisson g-groupoids. Let r =$ M be a groupoid, and 
let Gr„ m ; tr = {(g,h,g ■ h)} cTxTxT denote the graph of the multiplication 
map. A bivector field 7rr € T(A 2 Tr) is said to be multiplicative |4l| if Gi mu it r is a 
coisotropic submanifold of (r,7i"r) x (r,7rr) x (r, — 7Tr). 

Definition 4. Suppose that T =4 M is a groupoid, and (r, p, 7Tr, is a Hamilton- 
ian quasi-Poisson g-manifold. It is called a Hamiltonian quasi-Poisson Q-groupoid 
if 

• $ : r — > G is a morphism of groupoids, 

• g acts on r by (infinitesimal) groupoid automorphisms, and 

• Gr mu jt r is coisotropic with respect to the bivector field 

((7Tr + 7r r ) fusion) 1,2 — (^r)a, 

where ((itr + ^r) fusion) 1,2 appears on the first two factors of T x T x T and 
(7Tr)3 appears on the third. 
We refer to the last condition as n being fusion multiplicative. 

A Hamiltonian quasi- symplectic g- groupoid is a Hamiltonian quasi-Poisson g- 
groupoid such that the anchor map ([5| is bijective. 

A Hamiltonian quasi-Poisson g-groupoid is called source 1-connected if L is 
source 1-connected and G is 1-connected. 

Remark 14 (Poisson Parallel). If (N, it) is a Poisson manifold, and the Lie algebroid 



T*N integrates to a (possibly local) Lie groupoid L =4 N, then 60 

• there is a bivector field 7rr € T(A 2 Tr) such that (r, 7rr) is a Poisson mani- 
fold, 

• 7Tp is non-degenerate (so that L is in fact symplectic). 

• 7rr is multiplicative, so that (r, 7rr) is a Poisson groupoid |61| (in fact, a 
symplectic groupoid). 

Suppose, in addition, that a Lie bialgebra f) acts on N. We can interpret the action 
as a Lie bialgebroid morphism T*N — > ()*, which then integrates to a Poisson 
groupoid morphism T — > H* (see [63]). 

1.5. Main results. We may now state the first of our main results 

Theorem 4. There is a one-to-one correspondence between source 1-connected 
Hamiltonian quasi- symplectic Q-groupoids (L, pr, ttt, < &) and integrable quasi-Poisson 
Q-manifolds (M,p,ir). Under this correspondence, the Lie algebroid ofT is T*M 
and $ integrates the Lie algebroid morphism [i p : T* M — > g. Furthermore, the 
source map s : T — > M is a quasi-Poisson morphism, while the target map t :T M 
is anti- quasi-Poisson. 

Remark 15. Theorem|4]was already established for the case where the quasi-Poisson 
g-manifold (M, p, ir) possess a moment map $ : M — > G. This fact was pointed out 



to us by a referee, and we explain it in Remark 32 after recalling some background. 



Theorem [4] prompts one to ask what a general Hamiltonian quasi-Poisson g- 
groupoid corresponds to infinitesimally. To answer this, we extend the notion of 
a quasi-Poisson g-manifold, by replacing the tangent bundle with an arbitrary Lie 
algebroid. 
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Definition 5 (quasi-Poisson g-bialgebroid). A quasi-Poisson g-bialgebroid over a 
g-manifold M is a triple (A, p, T>) consisting of 

• a Lie algebroid A — > M, 

• a Lie algebroid morphism p : M X g — ¥ A, where M x g is the action Lie 
algebroid, and 

• a degree +1 derivation V of the Gerstenhaber algebra T(/\A), 
such that 

• T>p(£) = for any constant section £T(M x g), and 

• V 2 = i[p(</>), •] , where we view as a constant section of M x g. 

Let pr fl : M x g — > g denote the projection to the second factor, and p* : A* — > 
M x g* = M x g be the transpose of p. Define \i p : A* — > g by p p :— pr g op*. 

Remark 16. Quasi-Poisson g-bialgebroids are examples of Lie quasi-bialgebroids, 
a notion introduced in [43j|45] by D. Roytenberg (see also [25j)- A Lie quasi- 
bialgebroid is a triple (A,T>,x), where A is a Lie algebroid, V is a degree +1 
derivation of the Gerstenhaber algebra T(AA), and x €= r(A 3 A). They must satisfy 
the equations V 2 = •] and I?x = 0. 

Therefore, if (A, p, T>) is a quasi-Poisson g-bialgebroid, then (A,T>, p(cj>)) is a Lie 
quasi-bialgebroid . 

Example 2 (quasi-Poisson g-manifolds) . Suppose that (M, p, tt) is a quasi-Poisson 
g-manifold. Let 

T^tt = [t, 'Ischoutcn 

be the derivation of T(A*TM) given by the Schouten bracket. Then (TM,p,T>^) 
is a quasi-Poisson g-bialgebroid. 

Proposition 2. Lei A — > M be a Lie algebroid with anchor map a. a '■ A — > TM. A 

compatible quasi-Poisson g-bialgebroid structure (A,p,V) defines a canonical quasi- 
Poisson g-structure [M, &a p, ttv) on M via 

Kj>(df) = a A oVf, 
where we view the function / £ C°°(M) as an element ofT(A°A). 

The result is just a special case of [4lJ Proposition 4.8], proven for general Lie 
quasi-bialgebroids . 

We refer to (M, 3la P,^v) as the induced quasi-Poisson g-structure. 

Remark 17. As a converse to Example [2] suppose that (TM, p, V) is a quasi-Poisson 
g-bialgebroid. Then by [44j Lemma 2.2.], T> — [tt,-] for a unique bivector field 
7T £ T(A 2 TM). Since TT^(df) =el a o Vf, it follows that tt = tt v . 

Consequently (TM, p, V) is of the form given in Example [2] for the quasi-Poisson 
g-structure (M, p, n-p). 

Proposition 3. If (A, p,T>) is a quasi-Poisson g-bialgebroid, then A* becomes a 
Lie algebroid, where the Lie algebroid differential dA* on T(AA) is 

(12) d A > =2?+^]>>(e*)A[p(e i ),-U. 

i 

Furthermore, the action of g on A* preserves the Lie algebroid structure, and p p : 
A* — > g is a Lie algebroid morphism, where p p :— pr op*. 
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A proof of this is given in § |2.7[ 

A quasi-Poisson g-bialgebroid will be called integrable if A* is an integrable Lie 
algebroid. In particular, (A,p,T>) may be integrable even if A is not. 
We can now state our second theorem. 

Theorem 5. There is a one-to-one correspondence between source 1-connected 
Hamiltonian quasi-Poisson Q-groupoids, (T, pr, 7rr, 4>), and integrable quasi-Poisson 
Q-bialgebroids (A, p, T>). Under this correspondence, the Lie algebroid ofT is A* and 
$ integrates the Lie algebroid morphism p p : A* — > g. 

We also have: 

Proposition 4. Suppose (T, pr, 7ir, $) is a Hamiltonian quasi-Poisson g-groupoid 
corresponding to the quasi-Poisson Q-bialgebroids (A,p,T>). Then the source map 
s : r — > M is a quasi-Poisson morphism onto the induced quasi-Poisson q- structure 
(M, ao p,ttt>) described in Proposition^ Meanwhile the target map t : T — > M is 
anti-quasi-P oisson. 

We will provide a proof of both theorems in the next section using graded 
Poisson-Lie groups. 

2. QUASI-POISSON STRUCTURES AND GRADED POISSON GEOMETRY 

In this section we make use of graded geometry (super geometry) to prove the 
results from § [I] Some good references for super geometry ar e [lT| 26 , 54-56 . For 



the additional structure of graded manifolds one may look at [34J|44J|49J[57| 

2.1. g-differential algebras. Let g be a Lie algebra, and g = g[l] © g ® K[— 1] be 

the graded Lie algebra with bracket given by 

m* 1 *] = %,nh i L t, L v} = 

[D,I,,]=L n [D,L v ] = [D,D] = Q 

Here D is the generator of R[— 1], and L^ E g C g and 1^ £ g[l] C g denote the 
elements corresponding to £ £ g. 

If p : g — > T(TM) is a morphism of Lie algebras, then the graded Lie algebra g 
acts on the graded algebra O(M) by derivations. D acts by the de Rham differential 
d, L^ acts by the Lie derivative £ p (f), and 1^ acts by the interior product t p ^). 

Generally, a graded algebra with a graded action of g by derivations is called a 



g-differential algebra 22 36 . Note that, by a graded action, we mean that a degree 



k element of g acts by a degree k derivation. 

Example 3. As a generalization of f2(M), suppose A — > M is any Lie algebroid, 
and p : g — > T(A) is any Lie algebra morphism. Then T(AA*) is a g-differential 
algebra. The action of g is given as follows 

• D ■ a = dj^a, where a £ T(AA*) and is the Lie algebroid differential. 

• 1^ ■ a = I'pttjCt for any £ £ g. 

• L^ ■ a = L p ^(dAa) + dA^p^a) for £ £ g and a £ T(AA*). 

Remark 18. If A — > M is any vector bundle, the following are equivalent: 

• A — > M is a Lie algebroid, and there is a Lie algebra morphism p : g — > T(A) 

• r(A>l*) is a g-differential algebra. 
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We can think of F(AA*) as the algebra of functions on the graded manifold A[l], 
hence another equivalent formulation is 

• The graded Lie algebra g acts on the graded manifold A[V\. 

2.2. The quadratic graded Lie algebra <2(g). Suppose a Lie algebra g possesses 
an invariant non-degenerate symmetric bilinear form (•, -) fl . We can associate to g 
the quadratic graded Lie algebra <2(g), an R[2] central extension of g, 

-> R[2] -> Q(g) -> -> 0, 

which plays a central role in the theory of quasi-Poisson structures. 

As a graded vector space, Q(g) — R[2] © g. Let T denote the generator of R[2]. 
The central extension is given by the cocycle 

c(I u , I v ) = (u, v)T, c{D, ■) = c(L u , •) = 0, 

i.e. 

[°' & ]q(3) = \ a Aa + c{a,b) 

for a, b € g. 

The quadratic form (•, -)q( g ) of degree 1 is given by 
(13a) (a, 6)g( e ) = for any a,b £ Q{q) such that deg(a) + deg(6) + 1^0, and 

(!3b) (T,D) Q(g) = 1, {h,L v ) Q{5) = (t,ri) B - 



Note that (13a I is equivalent to saying the quadratic form is of degree 1. 

Remark 19. The Lie algebra Q(g) was first introduced in [5], where the so called 
non-commutative Weil algebra was defined as a quotient of the enveloping algebra 
ofQ(g). 

2.3. Quasi-Poisson g-manifolds revisited. It is easy to check that R[2] © g[l] 
and 0©R[— 1] are transverse Lagrangian subalgebras of Q(g). Therefore (Q(g), R[2]ffi 
g[l],g © R[— 1]) forms a Manin triple 18 30 31 . The corresponding Lie bialgebra 
M[2] © g[l] integrates to the Poisson Lie group 

G ama «=R[2] x g[l], 

where multiplication is given by 

•(*',£') = (t + t' + i<€,0 B ,e + 0- 

Since the quadratic form on Q(q) is of degree 1, the Poisson bracket on G sma ii 
is of degree —1. To describe the Poisson bracket, note that linear functions on 
g[l] may be identified with elements of g (using the quadratic form). If we let 
t denote the standard coordinate on R[2] then we see that there is a canonical 
algebra isomorphism C°°(E[2] x g[l]) = (A*g)[t]. Under this isomorphism the 
Poisson bracket is simply 

{t,t} = <t> {t,o = o {£,»7} = 

Proposition 5. A quasi-Poisson Q-structure on M is equivalent to a graded Pois- 
son map T*[l]M -> G smaH . 
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Proof. A quasi-Poisson g-manifold (M, p, tt) is equivalent to a morphism of Ger- 
stenhaber algebras p' : (A*g)[t] — ► T(f\*TM). Here p' is denned on the generators 
by p'(t) = tt and (/(£) = p(£) for any (Gg. 

The standard symplectic form on T* [1]M induces a degree —1 Poisson bracket on 
C°°(T*[1]M). As Gerstenhaber algebras C°°(T*[1]M) S T(A*TM), canonically. 
Paired with the isomorphism C°° (Gsmaii) = (A*g)[t], we see that p' defines a 
morphism of Poisson algebras 

This is equivalent to a Poisson morphism 

T*[1]M G sma „. 

□ 

Proof of Theorem [7} If (M, p, 7r) is a quasi-Poisson g-manifold, then we have a Pois- 
son map / : T*[1]M G sma ii (f*t = tt, /*£ = /?(£))• Therefore, the dual Lie alge- 
bra g©IR[— 1] acts on T*[1]M. To describe the action explicitly, recall [30] that the 
left invariant one forms on G sma ii form a subalgebra of r(T*G sma ;;) isomorphic 
to g © K[— 1] = T*[l]G sma u (evaluation at the identity provides the isomorphism). 
The left-invariant 1-form on G smQ ;/ corresponding to D is 

i 

where ^ and refer to coordinates on g[l] induced by the basis vectors and e l , 
respectively. The corresponding vector field on T*[1]M is thus 

i 

i.e. the differential oIt*m Since [D,D] = 0, this shows that d^, M = 0. The 
action of g on T*[1]M preserves dr*M (since g © M[— 1] is a direct sum) and it 
is just the natural lift of the action p on M (the left-invariant 1-form on G sma z; 
corresponding to £ £ g is d£). 

The dressing action of D G g on G sma u is given by 

{*>•>+ lY,C{^-} = ^d t + d^ 

i 

where d s is the Lie algebra differential of g. The projection G sma ii — > g[l] is thus 
R[— l]-equivariant, with respect to the K[— 1] actions generated by D £ g and d g , 
respectively. Since the map / is also K.[— l]-equivariant, so is their composition 
T*[1]M -> g[l], i.e. we have a Lie algebroid morphism T*M -> g. □ 

The fusion also appears in a natural way from this perspective. A Poisson 
morphism 

/ : T*[1]M — > G sma u X G sm all 

defines a quasi-Poisson g © g-structure on M. Since G sma u is a Poisson Lie group, 
the multiplication map 

mult : G sma u X G sm all ~ > Gsmall 

is a Poisson morphism. The map 

multo/:T*[l]M^G smo „ 
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defines a quasi-Poisson g-structure on M. Since mult* t = t\ + t-i + h Ei(Dite)2 
(where the sub-indices (-)i and (-^ indicate which factor of G sm aU x G sma u the co- 
ordinates parametrize), the bivector on M is modified by the term f*{\ Yli (C) 1(^)2) 



(note the similarity to (10)). It is easy to check that this is the same quasi-Poisson 



g-structure on M given by the fusion (11 1 



2.4. Hamiltonian quasi-Poisson g-manifolds revisited. Let G be a Lie group 
with Lie algebra g. Suppose (•, -) B is a quadratic form on g. Let g denote the 
quadratic Lie algebra whose quadratic form is {-,-)b = — ("j ")b- We let = g © g, 
and diag(g) C 5 denote the diagonal subalgebra. Then 

(14a) R[2] e e fl 

and 

(14b) « diag(g)[l] © diag(g) © R[-l] 

are two Lagrangian subalgebras of the quadratic Lie algebra 

Q(d) = R[2] x D[l] x 5 x E[-l] 



defined in § 2.2 The corresponding Lie bialgebra R[2] © g[l] © g integrates to the 
Poisson Lie group 

G blg = K[2] x g[l] x G, 
where multiplication is given by 

(*, 1 9) ■ (*', g') = (t + t' + ±{t,0,Z + e,9- </)■ 

The group Gbig is thus the direct product of G with the Heisenberg group G sma ii 



described above. As in § 2.3 there is a canonical identification C°°(Gbig) = 
(A*g)[£] (£> G°°(G). Using this identification, we may describe the Poisson bracket 
(of degree -1) on G big by 

(15) {t,t} = <j> 

(16) {*,£} = o {Z,V} = [Z,V] 9 

(17) {«,/} = b* df U,/} = (^-^)'/ {/,.9} = 

where /, g € G°°(G), £,77 g g, £ L and ^ denote the corresponding left and right 
invariant vector fields on G and b is given by d7j. 
We have 

Proposition 6. ^4 Hamiltonian quasi-Poisson g-structure on M is equivalent to a 
graded Poisson map T*[1]M — > Gbig- 

Proof. The proof of Proposition [5] shows that M is a quasi-Poisson g-manifold. The 
map T*[1]_M — > Gbig restricts to define a map 

(18) $ : M G; 



and the formulas for the brackets in (17 1 show that $ defines a moment map 
(Definition^. □ 

As in § |2.3[ fusion can be described in terms of composition with the multipli- 
cation Poisson morphism 

mult : Gbig x Gbi g — > Gu g , 
this is precisely equivalent to the explanation given in [l] . 
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Proof of Theorem^ A Poisson morphism F : T*[1]M — > Gi,i g induces an action of 
diag(g)[l] © diag(g) © E[— 1] = g on T* [1]M, 

q:B->T(T(T*[1]M)). 

For £ G g, an d the corresponding element 7j G g, let us describe this action explic- 
itly. 

The standard symplectic form on T* [1]M induces a degree —1 Poisson bracket on 
C°°(T*[1]M). As Gerstenhaber algebras C°°(T*[1]M) T(A*TM), canonically. 
A function / G C°°(M) acts on T(A*TM) by contraction with df. It follows that 
the Hamiltonian vector field generated by a one form a G fi 1 (M) acts on T(A*TM) 
by contraction with a. 

Let A/ £ denote the left invariant one form on Gbig corresponding to 1%. A/ 5 is just 
the pullback of (£, 6> L ) G Sl^G) to Gj,j a . Consequently, acts by contraction 



with $*(£, (9 L ), where $ : M G given by (|T8j). For A G T(TM), 

X ^>)(X) = i(0(X), 

where i : g — > fi 1 (M) is given by dsb . 



As stated in Remark 18 an action of g on T*[l]M is equivalent to T(A*TM) 
being a g-differential algebra. The proof of Theorem [T] shows that the differential is 
given by From this perspective, Theorem [2] is just a special case of Example [3] 

□ 

2.5. Hamiltonian quasi-Poisson g-groupoids revisited. Let V be any groupoid. 



Recall that T*[l]r has a natural groupoid structure (see Appendix A, Page 35). 
Combining this structure with the canonical symplectic structure on the cotangent 
bundle, T*[1]T becomes a symplectic groupoid. 

Since T*[1]T is a symplectic groupoid, it integrates a Poisson manifold |60| . 
We can describe this Poisson manifold explicitly. Let A* denote Lie algebroid 
corresponding to the groupoid T (we denote the Lie algebroid A* (and not A) for 
later convenience). A[l] has a linear Poisson structure on it (of degree —1) defining 
the Lie algebroid structure on A* [53]. T*[1]T is the symplectic groupoid integrating 
A[l}. 

Proposition 7. A compatible Hamiltonian quasi-Poisson g- structure onT is equiv- 
alent to a morphism of Poisson groupoids 



(19) F:T*[l]T^G blg . 

Proof. First we introduce some notation. If M is a graded manifold and / £ 
C°°(M), let (f)i denote the pullback of / to the i th factor of the direct power M n . 
If M is a graded Poisson manifold with Poisson bracket {•, - }m, let M denote the 
same graded manifold with the Poisson bracket 

(20) {v}m = -{v}m- 

By Proposition [6j F defines a Hamiltonian quasi-Poisson g-structure on T. The 
moment map $ : T — > G is given by restricting F to the subgroupoid T C T*[1]T. 
Consequently $ is a morphism of Lie groupoids. 

Under the isomorphism C°°(G big ) = (A*g)[t] © C°°(G), 77 € g defines a function 
on Gbig- We notice that the functions 

(V)l + (vh-{r)h, and (t t + t 2 + ~(f Jx&Ja) - t 3 
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vanish on the graph of the multiplication Gr mu i tG6 . G Gug X Gfeig X G^ig- Since 
F is a groupoid morphism, it follows that the functions 

(F*v)i + (F*V)2 ~ (F*vh, and ((F*t)i + (F*t) 2 + \ £(FT)i(F*&) 2 ) - ( F **h 

i 

vanish on the graph of the multiplication Gr mu it T „ [1]r . In the first case, this shows 
that action of g on V x T x T is tangent to the graph of the multiplication. In other 
words, g acts on T by groupoid automorphisms. In the latter case, this shows that 
the bivector field on T is fusion multiplicative. 

□ 



2.6. The Lie bialgebra g is quasi-triangular. Recall that (14) makes g into a 
Lie bialgebra. 

Proposition 8. The element f = J2i ®L ei G g©g is an r -matrix for the graded 
Lie bialgebra g. 

Proof. We may view the degree —1 clement f G g©g as a degree map f : g* [1] — > g. 
Using (14), we identify g*[l] and g with the transverse Lagrangian subalgebras 

M[2]®g[l]®gc Q(d) 

and 

diag(g)[l] © diag(g) © R[-l] c Q{d) 
respectively. Then the graph of f : g* [1] — > g is identified with the subspace 

Gr(f) =M[2]©g[l]©g. 
Thus Gr(f) is an ideal of the Drinfeld double of g. Equivalently f is an r-matrix. □ 

Proof of Proposition^ By Proposition [8j g is a quasi-triangular Lie bialgebra. Re- 
call from S 11.31 the functor 



Fg : Ham-qPois; — > Ham-Pois 



from the category of Hamiltonian quasi-Poisson g-manifolds to the category of 
Hamiltonian Poisson g-manifolds, and its inverse F^ 1 , which describe an equiva- 
lence of categories. 

Let M and M' be two Hamiltonian quasi-Poisson g-manifolds. By Proposition |6j 
T*[1]M and T*[1]M' are Hamiltonian Poisson g-manifolds. Now F^ is strongly 
monoidal, and we have the natural transformation 

(21) J : F- a (Fr 1 (T*[l]M) © Fr x (T*[l]M')) -> (T*[1]M) x (T*[l]M f ) 
described in Remark 
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Note that the map j : Gug — > G from Remark 
just the projection Gbi g — > g[l]. Therefore (21) is just the map J described in 
Proposition [T] 

The right hand side of (pTJ describes the fusion of T*[1]M and T*[\]M' as 



Hamiltonian Poisson g-manifolds. As shown in § [2^4j (T*[1]M) x (T*[l]M') = 
T* [1](M©M'), where the right hand side is the fusion of M and M' as Hamiltonian 
quasi-Poisson g-manifolds. 

The left hand side of ^2Xj describes the fusion of Fr 1 (T* [1] M ) and Fr 1 (T* [1]M') 
as Hamiltonian quasi-Poisson g-manifolds. Therefore the action of g on (T*[1]M)® 
(T*[1]M') is by definition diagonal, and the functor Fg preserves this action. 
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Therefore the Lie algebroid structure on the left-hand side (given by the action of 
D € g) is the direct sum of the Lie algebroids T*M and T*M' (as the action of g is 
diagonal), while the right-hand side corresponds to the Lie algebroid T*(M © M'). 

□ 

2.7. Quasi-Poisson g-bialgebroids revisited. Before proving Theorem [5] it is 
important to formulate a description of quasi-Poisson g-bialgebroids in terms of the 
Manin triple (Q(g © jj), g,R[2] ffi g[l] © g). In fact, the description is quite natural, 
namely: 

Proposition 9. Suppose A M is a vector bundle. The following are equivalent: 

• A is a quasi-Poisson g-bialgebroid. 

• There is a Poisson structure of degree —1 on A[l], and a Lie bialgebra 
action of g on A[l]. 

Proof. Suppose we are given a degree —1 Poisson structure n on A[l] and an action 
p of the Lie bialgebra g on A\l\. We need to show that A is a quasi-Poisson g- 
bialgebroid. Recalling Definition [5j we must show that 

• We have a Lie algebroid structure on A and a Lie algebra morphism 

p:g^T(A). 



(This follows directly from Remark 18 ) 



• There is a degree +1 derivation T> of the Gerstenhaber algebra T(/\A), such 
that 

— T>p(£) = for any (eg, and 
-X> 3 = §[^),.]. ' 

By Proposition [8] and the graded version of Remark [2] an action of the Lie 
bialgebra g on A[l] is equivalent to a quasi-Poisson action of g on A[l]. Let us 
describe this explicitly, to avoid possible sign problems (as § is a graded Lie bialge- 
bra with cobracket of degree —1). A Poisson structure of degree —1 on the graded 
manifold A[l] is, by definition, a function tt on the bigraded symplectic manifold 
T*[l, 1]A[1,0] of degree (1,2) such that {tt,tt} = 0. An action p of the graded Lie 
algebra g can be seen as a map p : g — > C°°(T*[1, 1]A[1,0]) (as vector fields can be 
seen as linear functions on the cotangent bundle) shifting degrees by (1,1). 

The action p is a Lie bialgebra action on (A[l, 0],7r). Therefore, by Proposition [8] 
and Remark [2] 

(22) n = n-^J2p(^)p(L &i ) 

i 

is g-invariant and (A[l,0],7r) is a quasi-Poisson g-space: 

{^Tt} = 2^Cijkp{Iel)p{Ie.i)p{L e k), 
ijk 

where Cijk — ([e,, ej], e^) are the structure constants of g. We can rewrite it as 

(23) {H,w}={p(D),p(I <t> )}, 
Using the canonical symplectomorphism 

(24) T*[1,1]A[1,0] =T*[1,1]A*[0,1], 
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7T becomes a vector field on A* [0, 1] (since it is a function linear on the fibers of 
T*[l, 1]A*[0, 1]), i.e. a derivation V of the algebra T(AA) of degree 1. Since n is 
g-invariant, T> preserves the Gerstenhaber bracket on T(AA) and T>p(£) — for 



every £ £ g. Finally, Equation (23 1 becomes V 2 = ^[p(cj>), 

We have shown that, (A,D,p) is a quasi-Poisson g-bialgebroid. To establish the 
converse, just reverse the procedure. 

□ 

Proof of Proposition^ By Proposition [9j a quasi-Poisson g-bialgebroid structure 
on A defines a degree —1 Poisson structure on A[l]. This is equivalent to a Lie 
algebroid structure on A* [53] . 

A careful examination of the proof of Proposition [9] allows us to describe the Lie 
algebroid differential explicitly. The bivector corresponding to the Poisson structure 
on A[l] is a function it on the bigraded symplectic manifold T* [1, 1]j4[1, 0] of degree 



(1,2). Under the canonical symplectomorphism (24 1 it becomes a degree +1 vector 
field on A* [I]. By ([22) this vector field is 



The corresponding Lie algebroid differential is given by (12 1. 

The remaining details in Proposition [3] follow from a similar examination of the 
proof of Proposition [9] □ 

Remark 20. One can also describe quasi-Poisson g-bialgebroids in the spirit of 
Proposition [5] If A is a Lie algebroid, so that A* [I] is a graded Poisson manifold, a 
Poisson map A* [1] — > G sma u would give us a quasi-Poisson g-bialgebroid structure 
on A, but with the additional property that T> is Hamiltonian. In general, a quasi- 
Poisson g-bialgebroid structure on a Lie algebroid A is equivalent to a principal 
Poisson R [2] -bundle P — > A*[l] with a Poisson E[2]-equivariant map P — > G sma ii- 

2.8. Proof of Theorem [5] The proof of [63] Theorem 5.5] (see also 20 21 ) goes 
through in the graded setting to show that the existence of a morphism of Poisson 
groupoids 

F :T*[l]T ^G Ug 

is equivalent to the action of the Lie bialgebra g on the Poisson manifold A[lj. 
By Proposition [7] the former describes a compatible Hamiltonian quasi-Poisson g- 
structure on P, while the latter describes a quasi-Poisson g-bialgebroid structure 
(A, p, T>) (see Proposition [9]) . This proves Theorem [5] 

Proof of Proposition^ Let (r, pvi^v) be the quasi-Poisson structure on T, and 
(M, pm, 7Tx>) be the quasi-Poisson structure on M induced by (A, p, T>) (see Propo- 
sition [2| . We must show that the source map s : T — > M is a quasi-Poisson 
morphism. Let Da and be the homological vector fields on A[l] and T*[1]T 
defined by the respective actions of D £ g. Since the source map s : T* [1]T — > A[l] 
is g-equi variant, we have 

s*(D A f)=D T s*f, 

for every / £ C°°(M), where we view / as an element of C°°(A[1]). Since s : 
T*[1]T — > A[l] is also a Poisson map, it follows that 

(25) s*{D A f,g} A[1] = {D r3 *f,s*g} T , [1]r , 
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for every g £ C°°(M). Now Da and Dr define the Lie algcbroid differentials 
on T(A*A*) and T(A*TT) respectively, while and {-, -}T*mr define the 



respective Gerstenhaber algebra brackets, so the left hand side of (25) is equal to 



i 

or simply 

s* q [[tt v J} + ^^2p M (e l ) A [p M (e l )J},g], 

i 

while the right hand side is 

[kr,So7] + ~J>r(e i ) A[p r (ei),s* f},s* g]. 

i 

Since sq is g-invariant, it follows that 

So[[^v,f\,g] = [[7rr,So/]> s off]- 

Therefore, sq '■ (F, pr,7Tr) — > (M, Pm,^t>) is a quasi-Poisson morphism. Similarily, 
one may check that the target map is anti-quasi-Poisson. □ 

2.9. Proof of Theorem[4} Let r =4 M be a Hamiltonian quasi-Poisson g-groupoid. 
By Proposition [I] the Lie algebroid T*T is multiplicative, where the groupoid struc- 
ture on T*T is the standard one (see Appendix |A|) precomposed with the map J. 
In particular, the anchor map ar : T*T —> TT is a groupoid morphism. 

Suppose that L is source 1-connected. Let A — > M be the quasi-Poisson g- 
bialgebroid corresponding to T. Then for any x £ M C T we have T X T = T^M©^* 
and ar : A x © T X *M — > T X M © A* equal to a^ © a^. Hence a^ is an isomorphism 
if and only if the anchor map ar is an isomorphism at points of M. However if ar 
is an isomorphism at points of M, then it must an isomorphism in a neighborhood 
of M. Since ar it is a morphism of source 1-connected groupoids, this is the case 
if and only if it is an isomorphism everywhere. 

By Theorem |3j V is a Hamiltonian quasi-symplectic g-space if and only if ar is 



an isomorphism. By Remark 17 A comes from a quasi-Poisson structure on M 
if and only if sla is an isomorphism. As we just proved, these two conditions are 
equivalent, i.e. Theorem [4] is proven. 



3. Examples 

3.1. Quasi-symplectic case. Let (M,p,iv) be a quasi-Poisson g-manifold such 
that its anchor a : T*M — > TM is bijective, i.e. M is a quasi-symplectic manifold. 
Since a is an isomorphism of Lie algebroids, the source- 1-connected groupoid in- 
tegrating T*M is the fundamental groupoid H(M) of M. U(M) is a covering of 
M x M, and the quasi-Poisson structure on LT(M) is the lift of the quasi-Poisson 
structure on (M, n, p) © (M, —n, p). 

The Lie algebroid morphism p p : T* M —> g gives us (via a) a Lie algebroid 
morphism TM — > g, i.e. a flat g-connection on M. The moment map n(A/) — s- G 
is the parallel transport of this connection. 

Suppose (M, p, (f>) is endowed with a moment map $ (so that it is a Hamil- 
tonian quasi-symplectic g-manifold). In this Hamiltonian quasi-symplectic 
groupoid integrating it is just the pair groupoid (M, p, w, 4>) © (M, p, —n, < I ,_1 ); to 
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get a source- 1-connected groupoid, we just lift the Hamiltonian quasi-symplectic 
structure to II(M). 

Remark 21 (Poisson Parallel). This example is the quasi-Poisson analogue of an 
example in Poisson geometry. Namely, if (iV, 7Tjv) is a Poisson manifold so that 
the anchor n^ N : T*N — > TN is bijective, then a symplectic groupoid integrating 
(N, 7rjv) is just the pair groupoid (N,ir) x (N, — ir). If n(A) is the fundamental 
groupoid of N, then II(iV) is a covering of N x N. Consequently it inherits the 
structure of a symplectic groupoid. As such II(JV) is the source 1-connected sym- 
plectic groupoid integrating N. 

3.2. The double. For a related example, let G be a Lie group with Lie algebra g. 
For £ € 0, let £ L and £ fl denote the corresponding left and right invariant vector 
fields on G, and let p : g©g — > T(TG) be given by p(£, rj) — —£ R +T) . As explained 
in j3j Example 5.3], since p(</> B e ) = 4>g — <j)g = 0, (G, p, 0) is a quasi-Poisson g© g- 
manifold, and it is easily seen to be quasi-symplectic. If G is 1-connected, it follows 
that the pair groupoid 

(GxG, ft ,f) := (G,p,0)® (G,p,0) 

is the source- 1-connected Hamiltonian quasi-symplectic g-groupoid integrating (G, p, 0); 
its moment map is given by $ : (a, 6) — > (a • 6 _1 ,a _1 -6). In |3] this example is 
called the double and is denoted D(G). 

3.3. The group G. The simplest example of a quasi-Poisson g-bialgebra is q with 
p = id and D = 0. We get that p p : g* —> g is the identification of g* with g via 
the inner product and it is an isomorphism of Lie algebras (more on quasi-Poisson 
g-bialgebras is in § [t]) . 

The corresponding Hamiltonian quasi-Poisson g-group is G with 

i 

$ = id, and p is the conjugation. It appears in [3] as the basic example of a 
Hamiltonian quasi-Poisson space. 

3.4. Fused double. Since D(G) is a Hamiltonian quasi-Poisson g g-manifold, 



it has a fusion (111, which we denote by D(G) [3]. There is a Hamiltonian quasi- 
symplectic groupoid structure on D(G) given as follows. The source and target 
maps, s, t : D(G) =4 G, are s(a,b) = ab^ 1 , t(a,b) = b^ 1 a, and the composition is 

{a',b') ■ (a, b) = (a'a, a'b) = (a'a, b'a) . 

This Hamiltonian quasi-symplectic G-groupoid is called the AMM groupoid in 
[8 . 64 . It integrates the quasi-Poisson group G. 



Remark 22 (Poisson Parallel). The double D(G) is in some sense the quasi-Poisson 
analogue of the symplectic groupoid T*G, where G is a Lie group. T*G integrates 
the trivial Poisson manifold G. It has another groupoid structure, as the groupoid 
integrating g*; this is analogous to the groupoid D(G). 

Remark 23. Geometrically, D(G) is the moduli space of flat g-connections on a 
cylinder, with a marked point on each boundary circle. The composition in D{G) 
corresponds to cutting cylinders along curves connecting the marked points (the 
first cylinder along a straight line and the second along a curve that goes once 
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around) and gluing them to form a single cylinder. The composition in D(G) 
is just concatenation of cylinders. These two compositions don't form a double 
groupoid, rather they commute modulo a Dehn twist of the cylinder. 

3.5. Actions with coisotropic stabilizers. Let q C g be a subalgebra which 
is coisotropic with respect to the quadratic form, let \) = q . Suppose that [) 
and q integrate to closed subgroups H, Q c G. Let G act on the left of G/Q, 
p' : fl — > T(T(G/Q)) be the corresponding map of Lie algebras, and (G/Q, p' , 0) be 
the quasi-Poisson g-manifold of Example [TJ We will be interested in calculating the 
Hamiltonian quasi-Poisson g-groupoid that (G/Q,p',0) integrates to. Notice that 
the Lie algebroid T*(G/Q) has vanishing anchor, i.e. it is a bundle of Lie algebras. 
Consequently, the groupoid is a bundle of groups. 

Since G x G acts on D(G) by groupoid morphisms, we have the following mor- 
phism of groupoids 

D(G) = GxG >- D(G)/({1) x Q) 



y V 



G ^ G/Q 

By [3j § 6], D(G)/({1} x Q) is a Hamiltonian quasi-Poisson g-manifold, with 
moment map the first component of and it follows that 

(26) D(G)/({1} x Q) z4 G/Q 

is a Hamiltonian quasi-Poisson g-groupoid. 
It is easy to check that 

X = <S>-\G x H)/({1} xQ) = {(a, t)e(Gx G)/ diag(Q) | a' 1 ■ b e H} 

is a subgroupoid of D(G)/({1} x Q) (where diag(Q) C G x G denotes the diagonal 
embedding). However, one may also check that X is precisely the leaf of the foliation 
corresponding to the Lie algebroid T* (D(G)/({1} x Q)) which passes through the 



set of identity elements. Consequently, since ( 26 ) is a Hamiltonian quasi-Poisson 
g-groupoid, 

X^G/Q 

is a quasi-Hamiltonian g-groupoid integrating (G/Q,//,0). 

Remark 24 (Poisson Parallel). This construction is a quasi-Poisson analogue of 
the (rough) principle in Poisson geometry that "symplectization commutes with 
reduction" , 



Remark 25. One can notice that the groupoid X =4 G/Q is braided-commutative 
with respect to the braiding on the category of Hamiltonian quasi-symplectic spaces. 
More generally, braided-commutative Hamiltonian quasi-symplectic groupoids in- 
tegrate the quasi-Poisson manifolds of the form (M, p, 0) where p has coisotropic 



stabilizers. This corresponds to the following fact in Drinfeld's category 19 of 
modules of g with braided monoidal structure given by a choice of an associator: 
braided-commutative algebras in this category are g-modules A with a commuta- 
tive g-equivariant algebra structure A ® A — > A, such that X^( e * ' x )( e i " V) = f° r 
every x,y € A. If A = G°°(M), it means exactly that the action of g on M has 
coisotropic stabilizers. 
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Thus one can say in this case that C°°(M), with its original product and con- 
sidered as an object of Drinfeld's category, is the quantization of (M, p, 0). 

4. Courant algebroids and Manin pairs 
4.1. Definition of a Manin pair. Dirac structures were introduced by Courant - 



Weinstein in 16 (see also 15 ) in order to provide a unified setting in which to 
study closed 2-forms, Poisson structures, and their corresponding Hamiltonian vec- 
tor fields. Courant algebroids were introduced by Liu-Weinstein-Xu [29] to provide 
an abstract setting from which to study Dirac structures. 

Definition 6. A Courant algebroid is a quadruple, (E, (•, -),a, [•, •]), consisting of 
a pseudo-euclidean vector bundle (E — > M, (•,•)), a bundle map a : E — > TM called 
the anchor, and a bilinear bracket [•, •] on the space of sections T(E) called the 
Courant bracket, such that the following axioms hold 

C-l [Xr, pr a ,X 3 ]] = [pd,^],^] + {X 2 , lX u X 3 jl 
C-2 a(X 1 )(X 2 ,X 3 ) = (iX^XilXa) + {X 2 ,\X 1 ,X 3 \) 
C-3 {X l ,X 2 \ + {X 2 ,X l \=**{d(X l ,X 2 )), 

for Xi E r(E). Here a* : T*M — > E* = E is dual to a using the isomorphism 
given by inner product (•, •). We will often refer to E as a Courant algebroid, the 
quadruple (E, (•, •), a, [•, •]) being understood. 

Note that (E, — (•, ■), a, [•, •]) is also a Courant algebroid, which we denote by E. 

A subbundle A C E of a Courant algebroid is called Lagrangian if A 1 - = A, and 
is called a Dirac structure if the space of sections TA is closed under the Courant 
bracket. A Manin Pair is a pair (E, A), where E is a Courant algebroid, and AcE 
is a Dirac structure. 

Example 4 (The standard Courant algebroid). Let M be a manifold, r) £ fl 3 (M) 
be a closed 3-form, and let T„M = T*M © TM be the pseudo-euclidean vector 
bundle with the inner product given by the canonical pairing, 

(a + X,p + Y) = a(Y) + f3(X), 

and the Courant bracket given by 

(27) [a + X, + Yj = [X, Y] + C X P - Lyda + tytxV, 

for any a, (3 € fi*(M) and X, Y G T(TM). With the anchor a : T V M = T*M® 
TM — > TM defined as the projection along T*M, T V M becomes a Courant al- 
gebroid, called the standard Courant algebroid twisted by 77. We will often write 
TM := YqM. 

Examples of Manin pairs arc (TM, TM) and (TM, T*M). 

Example 5 (quadratic Lie algebras). A Courant algebroid over a point is just a 
quadratic Lie algebra. 

Let g be a quadratic Lie algebra, U = g © g and diag : g — > be the diagonal 
embedding. Then (8, diag(g)) is a Manin pair. 

Suppose p:Mx54 TM defines an action of a quadratic Lie algebra on a 
manifold M with coisotropic stabilizers (see Example [lj. Then as shown in 28 
there is a unique Courant algebroid stucture on M x d such that 

• the anchor is p, 

• the Courant bracket extends the Lie bracket on constant sections, and 
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• the pseudo-euclidean structure is given by the quadratic form on 0. 

Example 6 (The Cartan-Dirac structure) . Let G be a Lie group integrating a qua- 
dratic Lie algebra g. Then the action of d = g © g on G by 

has coisotropic stabilizers. Therefore Ac := G x J is a Courant algebroid and 
Eq := Gx diag(g) is a Dirac structure called the Cartan-Dirac structure T3][27||5l1 . 
It was introduced independently by Alekseev, Strobl and Severa (see also|l 28 ). 



Example 7. Suppose that D is a Lie group with quadratic Lie algebra D and G C D 
is a closed subgroup with Lagrangian Lie subalgebra g C 0. Then the left action 
of on S := D/G has coisotropic stabilizers. Therefore (S x 0,5 x g) is a Manin 



pair. This fact goes back to the unpublished work of the second author 47 , and 
A. Alekseev and P. Xu (§]. See also [TT}[T4|[28}[42 . 



4.2. Morphisms of Manin pairs. To describe morphisms of Manin Pairs, we first 
need to recall the notions of generalized Dirac structures and Courant morphisms, 
both due to the second author [47|[49] (see also [6 p4p2] ) . 

Definition 7 (Generalized Dirac structure with support). Let E — > M be a Courant 
algebroid, and S C M be a submanifold. Let E|g denote the restriction of the 
pseudo-euclidean vector bundle E to S. A generalized Dirac structure with support 
on S is a subbundle K C E|g such that 

GD-1 K is Lagrangian, namely K = K, 

GD-2 bl(K) C TS, and 

GD-3 if Xi G T(E), and X t \ s € T{K), then [XuX 2 }\ g € r(Jf). 

For any smooth map / : M — > N, we let Gr/ = {(m, f(m)) \ m G Af} denote its 
graph. 

Definition 8 (Courant morphism). If E — > M and F — > M denote two Courant 
algebroids, a Courant morphism (f,K) : E — » F is a smooth map / : M — > N 
together with a generalized Dirac structure K c F x E with support on Gr/, the 
graph of /. 

Definition 9 (Morphism of Manin Pairs). Suppose (E, A) and (F, B) are Manin 
pairs. A morphism of Manin pairs (/, K) : (E, A) ---> (F, i?) is a Courant morphism 
(/, K) : E — ► F such that the image of if under the projection FxE^ F/_B x E/^4 
is the graph of a bundle map 

<p K :A*^f*B*. 
Here we used A* = E/A, and B* = F/B. 



The notion of a Morphism of Manin Pairs was introduced in 14 to study general 
moment maps. The following example is also found in [14] . 

Example 8 (Strong Dirac Morphisms). Let / : M — >• N be a map between smooth 
manifolds, let £ <E £7 3 (M) and 77 e £! 3 (A0 be closed 3-forms, and u e fi 2 (M) a 
2-form. Then 

K (M = {{fa - A, a, /*A) | p e M, a e A, A e T p M} 
is a generalized Dirac structure of T^M x f,JV supported on Gif if and only if 

£ = f*V + doJ . 
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Suppose now (T^M, A) and (T V N,B) are two Manin pairs. (/, define a 

morphism of Manin pairs 

(/,#(,,„)) :(T C M, 4)--* (T„JV,B) 

if and only if (/, w) : (M, A, £) — > (N,B,r/) is a strong Dirac morphism, as in [lj. 
With cj = 0, (/, Ktfm) : (Tf* v M, A) — ■» (T^iV, B) is a morphism of Manin pairs if 



and only if / is a strong Dirac map from A to B, as in 10 11 



In order to identify morphisms of Manin Pairs of the form given in Example [8] 
we introduce the notion of 

Definition 10 (Full Morphisms of Manin Pairs). A morphism of Manin pairs, 
(f,K) : (E, A) -» (F,S), is called full if a(K) = TGr/. 

Remark 26. Suppose (f,K) : (T^M, A) —■* (T V N,B) is a /itH morphism of Manin 
pairs. Since a : K — > TGiy is surjective, there must be a 2- form cj € f2 2 (M) 
such that K = K^j ^y Furthermore, the morphism of Manin pairs must be of the 
form given in Example [8] So (/, K) simply describes a strong Dirac morphism 
{f,oj):(M,A,0^(N,B,r,). 

4.3. Multiplicative Manin pairs. We will be interested in Dirac structures liv- 
ing on groupoids which are multiplicative in some sense. Although Poisson Lie 



groups 1 18 ,30 31 46 , Poisson groupoids [33 61 and symplectic groupoids 37,60 



are examples of such objects, the first comprehensive study of them appears in 
the papers of Ortiz 39 40] (see also [9j), where multiplicative Dirac structures are 



defined. In this section we show that, when endowed with certain morphisms, 
multiplicative Dirac structures form subcategory of the category of Manin pairs. 
This subcategory, called Multiplicative Manin Pairs, should be thought of as the 
groupoid objects in the category of Manin Pairs. 

A Lie groupoid V =^ E is called a VB- groupoid, if V and E are also vector 
bundles over T and M respectively, and all the structure maps are smooth vector 



bundle maps (see Appendix A, Page 35 ) . In this case T =t M inherits the structure 
of a Lie groupoid. We may refer to V — > T as a V£>-groupoid when we want to 
specify T as the base of the vector bundle. 

Next we need the concepts of Courant groupoids and multiplicative Dirac struc- 



ture as given by Mehta 35 and Ortiz 39 40 



Definition 11 (Courant groupoid). Let E -> T be a VS-groupoid such that E is a 
Courant algebroid, and let 

K m c E x E x E 



and 



Gr mr c r x r x r 



denote the respective graphs of the multiplications for E and V. E is called a 
Courant groupoid if K m is a generalized Dirac structure with support on Gr mr . 

A morphism of Courant groupoids {f,K) : E — > F is a Courant morphism for 
which / is a morphism of Lie groupoids and K C F x E is a Lie subgroupoid. 

A multiplicative Dirac structure, is a Dirac structure A C E which is also a 
subgroupoid. A multiplicative Manin pair is a pair (E, A), where E is a Courant 
groupoid, and A c E is a multiplicative Dirac structure. 
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Definition 12 (Morphism of Multiplicative Manin pairs). A morphism of multi- 
plicative Manin pairs 

(f,K):(E,A)-> (F, B) 

is a morphism of Manin pairs such that (f,K) : E --- > F defines a morphism of 
Courant groupoids. 

The following example is found in [9| [l3t[39|[40] . 

Example 9. If T is any groupoid, then by applying the tangent functor to all the 
spaces and morphisms TV becomes a VS-groupoid. TT is its dual VK-groupoid. 
Consequently IT — TT © TT becomes a V£>-groupoid. One can check that it is 
actually a Courant groupoid. 

Examples of multiplicative Manin pairs are (TT, TT) and (IT, TT). 

Example 10. Let g be a quadratic Lie algebra, and consider d = 0®0 together with 
the pair groupoid structure. (0, diag(g)) is a multiplicative Manin pair. 



The following example is found in 1 10 28 . 



Example 11. The Courant algebroid Aq = Gx (Definition|6]) is the direct prod- 
uct of the Lie group G and the pair groupoid Q®Q] with this groupoid structure, it 
becomes a Courant groupoid. Clearly the Cartan Dirac structure Eq (Definition [6| 
is a subgroupoid, and so (Aq, Eg) is a multiplicative Manin pair. 

The infinitesimal version of a multiplicative Dirac structure is studied in [40] (see 
also [9| |13[|39] ). We will be interested in the infinitesimal version of morphisms of 
multiplicative Manin pairs. To study this in § [5j we will find it more convenient to 



use an alternative description of Manin pairs via graded Poisson geometry 14 . 



5. Manin pairs and MP-manifolds 



It was shown in |14| that category of Manin pairs is equivalent to the category 



of MP-manifolds (first introduced in 47 , see also 48 501). Since using the latter 



category can sometimes bring more geometric insight, we recall the equivalence 
described in Jl4) . 

Definition 13. An MP-manifold is a principal R[2] bundle P — > A*[l], where A 
is a vector bundle over a manifold M, such that P carries a Poisson structure of 
degree —1 which is K[2] invariant. We call M the MP-base of P. 

There is a natural notion of morphisms for MP-manifolds: 

Definition 14 (Morphisms of MP-manifolds). Let P -> A*[l] and Q -t B*[l] be 
two MP-manifolds, then a morphism of MP-manifolds 

P — - — > Q 



A*[l]^B*[l] 

is an R[2] equi variant Poisson map. We will often abbreviate morphisms of MP- 
manifolds as F : P —■* Q. 
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The Poisson structure on P induces a map 7r" : T*[2]P — > T[1]P. If we use F 
to pull back the cotangent bundle on Q to a bundle over P, then we have a map 
(T[-2]F)* : F*(T*[2]Q) -> T*[2]P dual to the tangent map. Finally, if M is the 
MP-base of P we denote the projection p : P — >• A* [1] — > M, and the corresponding 
tangent map T[l]p : T[1]P -> T[1]M. 

Definition 15. A morphism of MP-manifolds is called full if the map 

(28) T[l]p o 7r s o (T[-2}F)* : F*(T*[2]Q) ->• T[1]M 
is surjective. 

Remark 27. Let : T*[2]Q — >• R be the moment map for the R[2] action. Let 
denote the pullback of by F. Since 77 is R[2] invariant and F is 

K[2] equivariant, p8| is surjective if and only if 

(29) (T[l]p/R[2]) o (7rVK[2]) o ((T[-2]F)*/K[2]) : F*(/i _1 (l))/K[2] -> T[1]M 
is surjective. 

However the 1-graded part of F*(^i _1 (l))/]R[2] describes a vector bundle K F — > 



M, so ( 29 ) describes a base-preserving morphism of vector bundles ap : Kp — > TM. 



It is clear that (29 1 is surjective if and only if ap is surjective, or equivalently 
(30) ap :T*M -> 

is injective. Note that since is a smooth base preserving morphism of vector 
bundles, it is injective if and only if it is an immersion. 

Theorem 6. The equivalence between the categories of Manin pairs and MP- 
manifolds described in fl^j identifies full morphisms of Manin pairs with full mor- 
phisms of MP-manifolds. 

Proof. First we recall the functor from the category of MP-manifolds to Manin 
pairs given in 



14 



In the work of Roytenberg, Vaintrob, Weinstein and the second author [43-45047 



49 , it was shown that a Courant algebroid E is equivalent to a degree 3 function, 6, 
on a non-negatively graded degree 2 symplectic manifold, A4, such that {0, 8} = 0. 
In this picture, a Dirac structure with support on a submanifold corresponds to a 
Lagrangian submanifold of M on which vanishes. 

Suppose P is an MP-manifold. The Poisson structure on P corresponds to 
an K [2] -invariant degree three function, it € C°°(T*[2]P), such that {77,77} = 0. 
77 descends to a degree 3 function, 0, on Mp = T*[2]P//iK[2], the symplectic 
reduction at moment value 1, such that {0,0} = 0. Thus P defines a Courant 
algebroid, E. The map Aip — >• A* [1] corresponds to a base-preserving vector bundle 
morphism 

(31) E -> A* 

whose kernel is a Dirac structure A cE. In this way, P defines a Manin pair (E, A). 

Suppose that P and Q are MP-manifolds corresponding to the Manin pairs 
(E, A) and (F, B). Let F : P -~ » Q be a morphism of MP-manifolds, and Grp 
its graph. Let M and N be the respective MP-bases, and / : M — > N denote 
the restriction of F. The conormal bundle iV*[2]Gr F C T*[2]Q x T*[2]P is a 
Lagrangian submanifold on which ttq x p vanishes. The reduction Lp of N* [2] Grp 
to the symplectic quotient A4q x M. v is a Lagrangian submanifold on which 0g x p 
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vanishes; it corresponds to a generalized Dirac structure K defining a morphism of 



Manin pairs (f,K) : (E, A) — » (F, B) (see [14] for details). 

We need to show that (/, K) is full if and only if F is full. By identifying M 
with Gvf, the anchor map takes the form a : K — > TM. It is surjective if and only 
if (f,K) is full. By identifying P with Grp, the conormal bundle TV* [2] Gtf may 
be naturally identified with F*(T*[2]Q), and similarly L F with F*(/i _1 (l))/K[2] 



(where /i : T* [2]Q — > K is the moment map for the R[2] action, as in Remark 27). 
Under this identification, the vector bundle Kp of Remark [27] corresponds to K, 
and ap to the anchor map a. Consequently by Remark |27[ (/, K) is a full morphism 
of Manin pairs if and only if F is a full morphism of MP-manifolds. 

□ 

Example 12. The simplest example of an MP-manifold is T*[1]M x M[2], where the 
Poisson structure comes from the canonical symplectic structure on the cotangent 
bundle and the trivial one on R[2], and the E[2] action is the obvious one. It 
corresponds to the Manin pair (TM, TM) . 

5.1. Multiplicative Manin pairs and MP-groupoids. In this section we intro- 
duce the category of MP-groupoids (a subcategory of MP-manifolds) and establish 
an equivalence between it and the category multiplicative Manin pairs. 



Given the notion of a Poisson groupoid 33 61 , there is a natural notion of 
MP-groupoids. 

Definition 16 (MP-groupoid). An MP-manifold P -> A*[l] is called an MP- 
groupoid, if it is a Poisson groupoid, and the M[2] action map, P x M[2] — >• P, is a 
groupoid morphism. 

In more detail, let P be the graded groupoid P with minus the Poisson structure 



(201. Let 



Gr mp cPxPxP 

denote the graph of the multiplication and Pq C P the submanifold of identity 
elements. Then P is a MP-groupoid if Gr mp and Pq are coisotropic submanifolds, 
and the action map P x R[2] — >• P is a groupoid morphism. 

A morphism of MP-groupoids is a morphism of MP-manifolds which is also a 
groupoid morphism. 

If an MP-groupoid is actually a (graded) Lie group, we may refer to it as an 
MP-group. 

The following proposition should come as no surprise. 

Proposition 10. The equivalence between the category of Manin pairs and MP- 
manifolds induces an equivalence between the categories of multiplicative Manin 
Pairs and MP-groupoids. 

First we need a short lemma. 

Lemma 1. Let E — > Y be a Courant groupoid. A Dirac structure A C E is multi- 
plicative if and only if there is a VB-groupoid structure on A* — > T for which the 
projection p : E — > K/A = A* is a morphism of VB-groupoids. 

Furthermore, if(f,K) : (E, A) — » (F, 73) is a morphism of multiplicative Manin 
pairs, then the induced map 4>k : A* — > B* is a morphism of Lie groupoids. 



Proof. We recall 32 Proposition 11.2.5] that A* has the structure of a VB- groupoid 



if and only if A also has the structure of a VS-groupoid (See Appendix A, Page 35 
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for details). Furthermore the inner product (•, •) defines an isomorphism between 
the VS-groupoids E and E*, where the latter has the structure of the dual VB- 
groupoid. Using this isomorphism, the projection p : E — > A* is dual to the 
inclusion i : A — > E. [32] Proposition 11.2.6] states that if either p or i is a morphism 
of VB-groupoids, then they both are. 

Since K C E x F is a subgroupoid, it follows that Kj{K fl(Ax B)) is a sub- 
groupoid of (E x W)/(A x B) = A* x B* . However, K/(K n (A x B)) is the graph 
of 4>k - A* Therefore <\>k is a morphism of Lie groupoids. □ 



Sketch of proof of Proposition^ Let P be an MP-groupoid. M = T*[2]P/iM[2] 
is a symplectic groupoid, and the degree 3 function on M. corresponding to the 
Poisson structure on P is multiplicative. In other words M. describes a Courant 



groupoid E. Furthermore, the map (31) describes a morphism of VS-groupoids. 
Therefore, by Lemma [I] the Manin pair (E,A) corresponding to P is multiplica- 
tive. Similarly, it is easy to check that morphisms of MP-groupoids correspond to 
morphisms of multiplicative Manin pairs. □ 

5.2. MP-algebroids. We will be interested in studying the infinitesimal counter- 
parts of MP-groupoids. Intuitively, since an MP-groupoid is just a Poisson groupoid 



(together with some free K.[2] action), it must integrate some Lie bialgebroid 33 
(and since the R[2] action is given by a groupoid morphism, it must integrate a Lie 
algebroid morphism). This intuition should motivate the following definition. 

Definition 17 (MP-algebroid). An MP-algebroid is a graded Lie algebroid P, such 
that P is also an MP-manifold, and 

MPA-1 the Poisson structure on P is linear, defining a Lie algebroid structure on 
P* (see [53]), 

MPA-2 the Lie algebroid structures on P and P* are compatible, so that P is a Lie 



bialgebroid (see 33 57 59 ), and 
MPA-3 the action map P x R[2] — > P is a Lie algebroid morphism, where R[2] is 
viewed as a trivial Lie algebra. 
We call P integrable if it is integrable as a Lie algebroid, and if P is actually a 
Lie algebra (rather than just a Lie algebroid), we may call it an MP-algebra. 

Morphisms of MP-algebroids are morphisms of Lie algebroids which are also 
morphisms of MP-manifolds. 

Proposition 11. The category of integrable MP-algebroids is equivalent to the 
category of source 1-connected MP-groupoids. 

Proof. The proofs in Mackenzie-Xu [33] apply in the graded category to estab- 
lish an equivalence between the categories of source 1-connected graded Poisson 
groupoids and integrable graded Lie bialgebroids. Since MP-groupoids and MP- 
algebroids are simply Poisson groupoids and Lie bialgebroids (respectively) together 
with additional requirements regarding an R[2] action, we need only show that these 
requirements correspond to each other under the Mackenzie-Xu equivalence. 

We may view R[2] as a trivial Lie bialgebroid, which integrates to ]R[2] (viewed 
as a groupoid under addition with the trivial Poisson structure). On the Poisson 
groupoid level we required the existence of an R[2] action map which was both a 
groupoid and a Poisson morphism (see Definition |16[ ), clearly this corresponds on 
the Lie bialgebroid level to requiring the existence of an R[2] action map which is 



both a Lie algebroid and a Poisson morphism (see Definition 17). □ 
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Example 13. Let B be a Lie algebroid integrating to the groupoid T. Then T* [l]Bx 
R[2] is a MP-algebroid which integrates to the MP-groupoid T*[1]T xR[2], where 
the cotangent bundle has the canonical Poisson structure and R[2] has the trivial 
one. This MP-groupoid corresponds to the multiplicative Manin pair (IT, TT). 

Theorem 7. Let P and Q be MP-algebroids integrating to MP-groupoids Tp and 
Tq. A morphism of MP-groupoids F : Tp --■> Tq is full if and only if the corre- 
sponding morphism of MP-algebroids f : P — ■» Q is full. 

Proof. Let T be the MP-base of Tp and let the Lie algebroid of T be denoted by 
A. Clearly A is the MP-base of P. 
F is full if and only if the morphism 

(32a) a* F : T*T -> K F 



described in (30) is an injective immersion. Meanwhile / is full if and only if 
(32b) a*j : T* A -> K f 

is an injective immersion. 



So / is full if and only if ( 32b ) describes the inclusion of a subalgebroid, while F 



is full if and only if (32a) describes the inclusion of a subgroupoid. However (32a 



integrates the Lie algebroid morphism (32b). Consequently, if F is full, then so is 



/. On the other hand, if / is full, then (32a) is an immersion (by [38l § 3.2]), and 



consequently F is full (by Remark 27). □ 



5.3. MP groups. We can now give a description of MP Lie groups in terms of gen- 
eralized Manin triples. This description is a generalization of the usual description 
of Lie bialgebras and Poisson-Lie groups. 

Let us remark that an MP group with the base H (where H is a Lie group) is 
equivalent to a multiplicative Manin pair (E, A) on H such that K/A is a group 
(not just a groupoid); equivalently, the space of objects of the groupoid E is the 
fiber of A at 1 G H. 

MP groups are the general type of Manin pairs that lead to moment maps ad- 
mitting a fusion product. If P is an MP group, a P-type moment map is a graded 
Poisson map T*[1]M — > P, and such maps can be multiplied via the product in P. 

Our generalized Manin triples are (f, where f is a Lie algebra with a chosen 
ad- invariant element s of S 2 f and f), t are its subalgebras such that f = f) © t as a 
vector space and t is s-coisotropic. As we shall see, this data is equivalent to a MP 
group with the base H, the 1-connected group integrating f). 

Let us consider the graded Lie algebra 

Q s (f) =R[2]ef [i]efeR[-i] 

with the Lie bracket given by (a, (3 £ f [1], ^T] € f) 
[a,0\=a(a,P)-T 

K,a]=-ad(0*a = [f,»/]f 

[D,a] = s t (a) [D,£]=0 [D,D]=0 

where T and D are the generators of K[2] and of M[— 1] respectively, and T is central. 
It has a non-degenerate pairing of degree 1 given by (T, D) = 1, (£, a) = a(£). 
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A generalized Manin triple (f, f),l) then gives rise to a pair of transverse La- 
grangian subalgebras of Q s (f) 

E^ef)- 1 ^]®^ and ^[liffiteif-i], 

i.e. to a graded Lie bialgebra (with cobracket of degree —1). It makes the graded 
Poisson-Lie group integrating R[2] © ^[l] © t) to an MP-group. 

Theorem 8. An MP group with a 1-connected base H is equivalent to a generalized 
Manin triple (f, f), t). The corresponding Courant algebroid on H is exact if and only 
if s is non- degenerate and t C f is Lagrangian. 

Proof. MP groups with base H correspond to graded Lie bialgebras (with cobracket 
5 of degree —1) of the form 

R[2] © V[l] © f) 

(where V is some vector space), such that the generator T of K[2] is central and 
<5(T) = 0. One can easily check that these are exactly the Lie bialgebras coming 
from triples (f, h, t). 

The Courant algebroid corresponding to the MP-group is transitive if and only 
if the identity morphism of Manin pairs is full. By Theorem [7] this is equivalent to 
the identity morphism of MP-algebras being full. That is to say s"| t j. : I 1 " — > I is 
an injection. 

For dimensional reasons, the Courant algebroid corresponding to the MP-group 
is exact if and only if s^\t± : t 1 ' — > t is an isomorphism; this means that s is 
non-degenerate and 6 C f is Lagrangian. □ 



Remark 28. When the Courant algebroid is exact and moreover the projection of 
s to S 2 \) is non-degenerate, the corresponding Manin pair on H was used in 23 as 
a boundary condition for the WZW model on the group H . 

Remark 29. If the Courant algebroid on H is exact then the dual Lie algebra 
^"[1] ffit©R[— 1] is isomorphic to i. This type is the most interesting case from the 
point of view of moment map theory. 

On the other hand, any cobracket 5 of degree —1 on I making t to a Lie bialgebra 
comes from a triple (f, with s non-degenerate and () Lagrangian. 

Example 14. If s is non-degenerate and t C f is Lagrangian, then one may define 
an invariant element r] G A 3 f)* by r](X,Y,Z) = s- x ([X,Y],Z) for X, Y, Z e f). 
This corresponds to an invariant closed 3-form on H (the characteristic class of 
the corresponding exact Courant algebroid). In particular, if t) is also Lagrangian, 
then rj = and the Courant groupoid over H is just TH. In this case t) becomes 
a Lie bialgebra and the multiplicative Dirac structure A C TH just describes the 
corresponding Poisson Lie structure on H. 



More generally, in 39 C. Ortiz classified all multiplicative Dirac structures A C 
TH (not simply the ones for which TH/A becomes a Lie group). 

6. Manin Pairs and quasi-Poisson structures 

6.1. Reinterpretation of § [2] in terms of MP- manifolds. All the theory de- 
scribed in Part [2] can be reinterpreted in terms of MP-manifolds. To begin with, if 
P is any MP-manifold, a Poisson map F : T*[1]M —> P can be canonically lifted 
to a map of MP-manifolds 

F : T*[l]M x R[2] — * P 
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given by F : {x, t) -> F(x) + 1 for any x e T* [1]M and t G R[2], where the addition 
refers to the action of R[2] on P. Conversely, given any morphism of MP-manifolds 
G : T*[1]M x E[2] — » P, the map P : P*[1]M -> P given by P : a: G(x,0) is a 
Poisson morphism; and we may recover G from P since G = F. 

We recall from Example 12 that T*[1)M x K[2] corresponds to the Manin pair 
(TM, TM). Let (E,A) denote the Manin pair corresponding to P. A Poisson 
morphism T*[1]M — > P corresponds to a morphism of Manin pairs (TM, TM) --■> 
(E,A). 

The Manin triple (Q(0), R[2]©jj[l]ffig, q) of §[2l]defines a Lie bialgebra structure 
on K[2] © © g. In other words, K.[2] © g[l] © g comes with both a Lie algebra 
structure and a compatible Poisson bracket of degree —1. This together with the 
natural action of R[2] gives R[2] © g[l] © g the structure of an MP-algebra. It 



integrates to the MP-group Gug described in § 2.4 where R.[2] acts in the obvious 



way. One may check that the MP-group Gbig corresponds to the multiplicative 



Manin pair (Ag, Eq) of Example 11 



In § |2.4| we showed that a Hamiltonian quasi-Poisson g-structure on M was 
equivalent to a Poisson map T* [1]M — ¥ G^g. It is now clear that it also corresponds 
to a morphism of MP-manifolds T*[1]M x R[2] — » G^g, or simply a morphism of 
Manin pairs 



(33) (JM,TM)~+(Ag,Eg). 



This fact was already known to be a direct consequence of 14 Proposition 
3.5] (or of [14) Theorem 3.7] and [TJ Theorem 5.22]). As a result of Remark [26] 
and [l] Theorem 5.2], it is also clear that a Hamiltonian quasi-symplectic g-structure 
on M corresponds to a full morphism of Manin pairs (TM, TM) — - » (Ag,Eg) or 
equivalently a full morphism of MP-manifolds T*[1]M x M[2] ---> G big . Further- 
more, if r is a Lie groupoid, then it follows from § |2.5| that a compatible Hamiltonian 
quasi-symplectic g-structure on T is equivalent to a full morphism of MP-groupoids 

f[l]rxR[2] — » Gbig. 

The latter is equivalent to a full morphism of multiplicative Manin pairs 

(Tr,rr) -~ » (a g ,p g ). 

Next consider the Manin triple (Q(g), R[2] © g[l], g © The Lie bialgebra 

structure on IR[2]ffig[l] it defines corresponds to an MP-algebra structure. R[2]©fl[l] 
integrates to the MP-group G smQ ;; corresponding the the multiplicative Manin pair 



(0 = g © g, diag(g)) from Example 10 The theory in § 2.3 then shows that a quasi- 



Poisson g structure on a manifold M corresponds to a morphism of MP-manifolds 

f[l]Ixl[2] — » G small . 
The latter is equivalent to a morphism of Manin pairs 
(34) (TM, TM) —4 (0,diag(g)). 



More generally, Remark 20 states that a quasi-Poisson g-bialgebroid structure on 
a vector bundle A is equivalent to a MP manifold P — > A*[l] together with a 
morphism P ---> G sma u, i.e. to a morphism of Manin pairs 

(35) (E, A) — » (0, diag(g)). 
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The groupoid multiplication defines a morphism of Manin pairs 

(0,diag(g)) x (0,diag(g)) — > (0, diag(g)), 

and the fusion product of two quasi-Poisson g-structures (TM i; TM,) — -> (0, diag(g) 
(for i = l,2) corresponds to the composition 

(TMi , TMi ) x (TM 2 ,TM 2 ) — » (9, diag(fl)) x (O,diag( )) — » (O,diag( )). 



Remark 30. The morphism of Manin pairs ( 34 1 is full if and only if the correspond- 
ing quasi-Poisson g-structure on M is non-degenerate 2,3 , namely ^ holds. 



Remark 31. The equivalence between morphisms of Manin pairs (|34j) and quasi- 
Poisson g structures is just a restatement of the results in (l2| (in particular, see 



the first paragraph of 12 § 5]). 

Remark 32 (Special case of Theorem Ej). A referee explained to us that Theorem [4] 
was already established when there was a moment map $ : M —> G for the quasi- 
Poisson g-manifold (M,p,n). 

In this case, [To] describes an embedding of the Lie algebroid T*M as a Dirac 
structure L C TM © T*M (see Remark [5). Let s, t : T -> M be the source and 
target maps of the Lie groupoid integrating T*M = L. Then 14 , there is a full 
morphism of Manin pairs 

(s x t,K ) : (TV, TT) — > (TM x TM, L x L). 

This follows from [13] or [4l] together with [I]. 
There are also full morphisms of Manin pairs 

($ x : (TM x TM, L x L) — > (A G x A G ,£; G x E G ), 

describing the Hamiltonian quasi-Poisson g-structure on M (TJ[l0j , and 

(mult, K 2 ) : (A G x A G ,E G x E G ) — » (A G ,£ G ), 

describing the fusion [lj. 

The composition of these morphisms 

(Trr.rr)— » (a g ,e g ) 

describes a Hamiltonian quasi-symplectic g-structure on T |13| . 

6.2. Alternative proof of Theorem [4j As an application of Theorem[7| we may 

sketch an alternative proof to Theorem [4] 

Let (A, p, T>) be a quasi-Poisson g-bialgebroid. Recall from Proposition [9] that a 
quasi-Poisson g-bialgebroid structure on A is equivalent to a Poisson structure of 
degree —1 on ^4[1] together with a Lie bialgebra action of g on A[l]. However [63] , 
a Lie bialgebra action g on A[l] is equivalent to a morphism of Lie bialgebroids 
T*[1](A[1]) g*[l], Using the canonical symplectomorphism T*[1]A[1] ^ T*[1]A*, 
we may rewrite this as 

(36) T*[1]A* ->fl*[l]. 



g* [1] is just the MP-algebra R[2] © g[l] © g described in § 2.4 so ( 36 ) is canonically 
equivalent (as in § 6.1 ) to a morphism of MP-algebroids 

(37) T*[l]A* xl[2] — +|*[1]. 

Since T*[l]v4* x E[2] is just the MP-algebroid corresponding to the Manin pair 
(TA*,TA*) and g*[l] corresponds to the Manin pair (Tg*,Gr w ), where n s is the 
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Kirillov bivector field and Gr^ B is the graph of k\ : T*g* — > Tg*; (37) just corre- 
sponds to a morphism of Manin pairs 

(38) (TA*,TA*) (Tg*,Gr^). 

This is equivalent to a Poisson structure tta' on A* such that p,„ : (A*, tta*) 
(g*,7r fl ) is a Poisson morphism (i.e. a moment map). It is not difficult to check 
that tta- is just the linear Poisson structure on A* corresponding to the Lie algebroid 



structure on A. ( 38 ) is full if and only if (A* , it a* ) is actually a symplectic manifold, 
which implies that A = TM as Lie algcbroids. 

Suppose r is a source 1-connected groupoid integrating the Lie algebroid A*. 



Example 13 (with B — A*) and the fact that 0*[1] integrates to Gbig show that 



( 37 1 integrates to the morphism of MP-groupoids 



(39) T*[l]rxR[2]-*G Wfl 

describing the Hamiltonian quasi- Poisson g-structure on L. In the language of 
Manin pairs, this is a morphism 

(40) (Tr, IT) -~ > (A G ,E G ). 
Theorem Fj\ states that pOl is full if and only if ([38jl is full. However pOj) is 



full if and only if T is a Hamiltonian quasi-symplectic g-groupoid (see § 6.1 ), while 



(38) is full if and only if A = TM as Lie algebroids. Consequently, in light of 
Remark |17[ source 1-connected Hamiltonian quasi-symplectic g-groupoids are in 
one-to-one correspondence with integrable quasi-Poisson manifolds. One can prove 
the rest of Theorem [4] by simply checking the details in the above argument. 

7. Hamiltonian quasi-Poisson g-GROUPS 
Since quasi-Poisson g-bialgebroids are equivalent to morphisms of Manin pairs 



( 35 1 , it follows that 1-connected Hamiltonian quasi-Poisson g-groups are classified 



by morphisms of Manin pairs 

(41) (id,^):(f,h)-^(0,diag(g)), 

where f is a quadratic Lie algebra, () is a Lagrangian subalgebra, and id : * — > * is 
identity map for the point. 



Proposition 12. Morphisms of Manin pairs of the form (41) are equivalent to 
quadruples (f, t) C f, h* C f, p : Q — > f)), where f is a quadratic Lie algebra, and 
i), t}* C f are two subalgebras such that f) is Lagrangian and f = f) © f)* as a vector 
space. Furthermore p : q — > f) is a Lie algebra morphism that satisfies 

(1) p* : t)* — > g is a Lie algebra morphism, 

(2) (x,y) f = (p*(x),p*(y)) B , and 

(3) [p(g),f)1 C f)* with p*[p(0;x] = [£,/>* (a:)] for £ e g and x e f)* 

Remark 33. It should be clear that these conditions define a Lie bialgebra morphism 
->• fj, where the Lie algebra bracket on (f))*[l] = K[2] © f)*[l] © ()* is given on f)*[l] 
by the quadratic form on f, and R[2] is central. 

Proof. Since = g © g is the vector space direct sum of the subalgebras diag(g) 
and g, it follows that f is a vector space direct sum of the subalgebras f) and 

q o K = {x € f | (y, x) 6 K C © f, for some y £ g}. 
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We may identify g o K with rj* using the quadratic form on f. Then K C Q • 


(42) 



f 



g + f) + fj* can be written as 



& = £, p(0. o) e B + g + f) + b*} + {(p*(x), o, o, s) e + g + f, + ()*}, 

where p : g — > () is a Lie algebra morphism. 

On the other hand, suppose that (f, f) C f, rj* C f, p : Q — > rj) is a quadruple 
satisfying the assumptions. Then (42) is a Lagrangian subalgebra of 5 © f defining 



a morphism of Manin pairs (41 1 



□ 



Appendix A. VS-groupoids 



Definition 18. A VS-groupoid is a Lie groupoid in the category of smooth vector 
bundles (or a vector bundle in the category of Lie groupoids). In more detail, it is 
a diagram of the form 



(43) 



V 



where q : V — > Y and q : E — > M are vector bundles, and V E and Y =$ M 
are Lie groupoids whose source, target, multiplication and object inclusion maps 
(s,t,rh,i and s,t,m,i, respectively) are morphisms of vector bundles. 

Suppose Y =4 M is a Lie groupoid. Then applying the tangent functor, we get a 
VS-groupoid IT =| TM. 

32 Proposition 11.2.5] states that if V — > Y is a VZ?-groupoid, then V* — > Y 
naturally inherits the structure of a VZ?-groupoid. Briefly, if (Grm)(/, SiS ) is the fibre 
of the graph of the multiplication for V at the point (/, g, h) G Gr m , then 

(44) (Gr™)f /i9i/t) = {(a, /?, 7 ) G V f * x V g * x V fe * | = a(u) + f3(v) - j(w), 

V(u,v,w) G (Gr^) (/iff)ft) } 

is the fibre of the graph of the multiplication for V* at the point (f,g,h). Mean- 
while, if g G i(M) C L is an identity element, and i(E g ) C V g is the fibre of the 
identity elements of V over g, then 

= {a G V; | a(«) = 0We 

is the fibre of the identity elements of V* over g. With this structure V* is called 
the dual VK-groupoid. 

Consequently T*Y also has the structure of a VS-groupoid. 



Remark 34 (Technical note). The Theorems in 32 § 11.2] assume that the "double 



source condition" is satisfied for the VS-groupoids involved. That is to say if ( 43 ) 
is a VS-groupoid, then the "double source map" 

(45) (q,5) : V ^Yx s . q E 

is a surjective submersion. In order to apply these theorems to the VS-groupoids 
used in our paper, we need the following lemma. 



Lemma 2. If (43) is a Lie groupoid in the category of smooth vector bundles, then 



(45) is a surjective submersion. 
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Proof. We begin by showing that (45) is surjective. View V as the zero section of 
the vector bundle V — > T, and let g £ T. The vector space T g V decomposes into 
directions tangent to the fibres and directions tangent to the zero section, namely 



T g V 



V a 



T g r. 



Similarly T s r g -\E has a natural decomposition 



T s[g) E = E s{g) 



Ts(g)M. 



Since s is a morphism of vector bundles, T„s decomposes as the direct sum 



T g s 



ig^T g s : V g w -t ff i ->■ n^g) 

However V was assumed to be a Lie groupoid, hence s is a surjective submersion, 
and consequently s\ g : V g — > E s ^ is surjective. It follows that (45 1 is surjective. 
To show that (45) is also a submersion, apply the previous argument to 



>T g T 



E e 



<T s{g) M. 



TV - 



Tq 



Tt Ts Tt 
VY Tq 

TE 



TT 

Ts 

TM 
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